
Malaysian Journal of Mathematical Sciences 8(S): 83-102 (2014) 

Special Issue: International Conference on Mathematical Sciences and Statistics 2013 (ICMSS2013) 
 
 

 
 

 Fixed Point Results in Cone Metric Spaces for Multivalued Maps 

 

 
1*

 Fawzia Shaddad, 
1 
Mohd Salmi Md Noorani 

 and 
2
 Saud M. Alsulami 

 

1
School of Mathematical Sciences, Universiti Kebangsaan Malaysia,  

43600 Bangi Selangor, Malaysia 
 

2
Department of Mathematics, King Abdulaziz University,  

 Jeddah 21323, Saudi Arabia 

 

E-mail: fzsh@gmail.com 

 
*Corresponding author 

 

ABSTRACT 

The aim of this paper is to generalize some results which are obtained by Kikkawa and 

Suzuki (2008) and others to the setting of cone metric spaces.   
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1. INTRODUCTION 

 Banach contraction principle is widely recognized as the source of 

metric fixed point theory. This principle plays an important role in several 

branches of mathematics. A multivalued version of the Banach contraction 

principle was obtained by Nadler (1976). He used the concept of Hausdorff 

metric which is defined by 

 

𝐻(𝐴, 𝐵) = max⁡{𝑠𝑢𝑝𝑦∈𝐵𝑑(𝑦, 𝐴), 𝑠𝑢𝑝𝑥∈𝐴𝑑(𝑥, 𝐵)} 

 

for 𝐴, 𝐵 ∈ 𝐶𝐵(𝑋) and 𝑑(𝑥, 𝐵) = 𝑖𝑛𝑓𝑦∈𝐵𝑑(𝑥, 𝑦).  

 

 Berinde-Berinde (2007) gave a generalization of Nadler’s fixed point 

Theorem and proved the following theorem:  
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Theorem 1. Let (𝑋, 𝑑) be a complete metric space and 𝑇:𝑋 → 𝐶𝐵(𝑋). 
Assume that there exist a function 𝛼: [0,∞) → [0,1)and ℓ ≥ 0 satisfying 

𝑙𝑖𝑚𝑠𝑢𝑝𝑟→𝑡+𝛼(𝑟) < 1, for every⁡𝑡 ∈ [0,∞), such that 

 

𝐻(𝑇𝑥, 𝑇𝑦) ≤ 𝛼(𝑑(𝑥, 𝑦))𝑑(𝑥, 𝑦) + ℓ𝑑(𝑦, 𝑇𝑥) 
 

for all 𝑥, 𝑦 ∈ ⁡𝑋. Then 𝑇 has a fixed point in 𝑋.  

 

After that, Kikkawa and Suzuki (2008) gave another generalization of 

Nadler’s result which is different from Berinde-Berinde Theorem. . 

 

Theorem 2. Define a strictly decreasing function 𝜂 from [0,1) into (1/2,1] 
by 𝜂(𝑟) = 1/(1 + 𝑟). Let (𝑋, 𝑑) be a complete metric space and 𝑇 be a 

mapping from 𝑋 into 𝐶𝐵(𝑋). Assume that there exists 𝑟 ∈ ⁡ [0,1) such that 

𝜂(𝑟)𝑑(𝑥, 𝑇𝑥) ≤ ⁡𝑑(𝑥, 𝑦) implies 𝐻(𝑇𝑥, 𝑇𝑦) ≤ ⁡𝑟𝑑(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ ⁡𝑋. 

Then there exists 𝑧 ∈ 𝑋⁡such that 𝑧 ∈ ⁡𝑇𝑧. 

 

Recently, Huang and Zhang (2007) introduced a cone metric space which is a 

generalization of a metric space. They generalized Banach contraction 

principle for cone metric spaces. Since then, many authors (Han and Xu 

(2013); Kunze et al. (2012); Nashine et al. (2013); Rezapour and Hamlbarani 

(2008); Shaddad and Noorani (2013) and Shatanawi et al. (2012)) obtain 

fixed point theorems in cone metric spaces in many various directions. 

Especially, the authors (Cho and Bae (2011); Cho et al. (2012); Latif and 

Shaddad (2010); Lin et al. (2012); Wardowski (2009) and Wlodarczyk and 

Plebaniak (2012)) proved fixed point theorems for multivalued maps in cone 

metric spaces. 

 

In this article, we give a generalization of Theorem 1 and Theorem 2 to the 

case of cone metric spaces. Furthermore, we extend and generalize Theorem 

2.1 of Cho et al. (2012), Theorem 2.1 of Pathak-Shahzad (2009), Theorem 

4.2 of Kamran-Kiran (2011) and others. 

 

Consistent with Huang and Zhang (2007), the following notions, definitions 

and results will be needed in the sequel. 

 

Let E  be a real Banach space and P  be a subset of E . P  is called a cone if 

and only if   
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  1.  P  is closed, P , {0}P ;  

  2.  for all PyxPyx  , , where 𝛼, 𝛽 ∈ ℝ+;  

3. {0}=PP  . 

 

For a given cone EP , we define a partial ordering ≼ with respect to P  

by the following: for Eyx , , we say that 𝑥 ≼ 𝑦 if and only if Pxy  . 

Also, we write 𝑥 ≪ 𝑦 for intPxy  , where intP  denotes the interior of 

P . 

 

The cone P  is called normal if there is a number 0>K  such that for all 

Eyx ,  

0 ≼ 𝑥 ≼ 𝑦 ⟹∥ 𝑥 ∥≤ 𝐾 ∥ 𝑦 ∥. 

  

The least positive number K  satisfying this is called the normal constant of 

P (Huang and Zhang (2007)). 

 

In this paper, we always suppose that E  is a real Banach space, P  is a cone 

in E , and ≼ is a partial ordering with respect to P .  

 

Definition 3. 

Let X  be a nonempty set. Suppose the mapping :d X X E   satisfies  

 

(d1) 0 ≼ 𝑑(𝑥, 𝑦) for all ,x y X , and ( , ) = 0d x y  if and only if yx =  

(d2) ),(=),( xydyxd  for all Xyx ,  

(d3) 𝑑(𝑥, 𝑦) ≼ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) for all , ,x y z X .  

  

Then d  is called a cone metric on X , and ( , )X d  is called a cone metric 

space . 

 

Definition 4.  

Let ( , )X d  be a cone metric space and }{ nx  a sequence in X . Then  

(1)  }{ nx  converges to Xx  whenever for every Ec  with 0 ≪ c, 

there is a natural number N  such that 𝑑(𝑥𝑛, 𝑥) ⁡≼ 𝑐⁡for all Nn  ; 

we denote this by xxlim nn =  or xxn  ;  
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(2) }{ nx  is a Cauchy sequence whenever for every Ec  with 0 ≪ c, 

there is a natural number N  such that 𝑑(𝑥𝑚, 𝑥𝑛) ≼ 𝑐 for all 

Nmn , ;  

(3)  ( , )X d  is said to be complete if every Cauchy sequence in X  is 

convergent in X .  

 

The following remark was obtained by Kadelburg et al. (2009) is often used 

(in particular when dealing with cone metric spaces in which the cone need 

not be normal): 

 

Remark 5. 

(1) If 𝑢 ≼ ⁡𝑣 and 𝑣 ≪ 𝑤, then 𝑢 ≪ ⁡𝑤. 

(2) If 0 ≼ 𝑢 ≪ 𝑐 for each 𝑐 ∈ 𝑖𝑛𝑡𝑃, then 𝑢 = 0. 

(3) If 𝑢 ≼ 𝑣 + 𝑐 for each 𝑐 ∈ 𝑖𝑛𝑡𝑃, then 𝑢 ≼ 𝑣. 

(4) If 0 ≼ 𝑥 ≼ 𝑦 and 0 ≤ 𝑎, then 0 ≼ 𝑎𝑥 ≼ 𝑎𝑦. 

(5) If 0 ≼ 𝑥𝑛 ≼ 𝑦𝑛for each 𝑛 ∈ ℕ, and lim𝑛→∞ 𝑥𝑛 = 𝑥, lim𝑛→∞ 𝑦𝑛 = 𝑦, 

then 0 ≼ 𝑥 ≼ 𝑦. 

(6) If 𝑐 ∈ 𝑖𝑛𝑡𝑃,0 ≼ 𝑎𝑛 and 𝑎𝑛 → 0, then there exists 𝑛0 such that for all 

𝑛 > 𝑛0 we have an𝑎𝑛 ≪ 𝑐. 
 

Let (𝑋, 𝑑) be a cone metric space. We denote 2𝑋as a collection of nonempty 

subsets of 𝑋, 𝐵(𝑋) as a collection of nonempty bounded subsets of 𝑋, 𝐶𝑙(𝑋) 
as a collection of nonempty closed subsets of 𝑋⁡and 𝐶𝐵(𝑋) as a collection of 

nonempty closed and  bounded subsets of X. An element 𝑥 ∈ ⁡𝑋⁡is called a 

fixed point of a multivalued map 𝑇:𝑋 →⁡2𝑋 if 𝑥 ∈ ⁡𝑇(𝑥). Denote 𝐹𝑖𝑥(𝑇) =
{𝑥 ∈ ⁡𝑋: 𝑥 ∈ ⁡𝑇(𝑥)}.  For 𝑇: 𝑋 → ⁡𝐶𝑙(𝑋), and x ∈ ⁡X we denote 𝐷(𝑥, 𝑇𝑥) =
{𝑑(𝑥, 𝑧): 𝑧 ∈ ⁡𝑇𝑥}. According to Cho and Bae (2011), we denote 𝑠(𝑝) = {𝑞 ∈
⁡𝐸: 𝑝 ≼ ⁡𝑞} for⁡𝑝 ∈ ⁡𝐸, and 𝑠(𝑎, 𝐵) =∪𝑏∈⁡𝐵 ⁡𝑠(𝑑(𝑎, 𝑏)) for 𝑎 ∈ ⁡𝑋 and 𝐵 ∈
2𝑋.  

 

For 𝐴, 𝐵 ∈ ⁡𝐵(𝑋) we denote 𝑠(𝐴, 𝐵) = (∩𝑎∈⁡𝐴 ⁡𝑠(𝑎, 𝐵)) ∩ (∩𝑏∈⁡𝐵 ⁡𝑠(𝑏, 𝐴)). 
 

In 2011, Cho and Bae (2011) generalized the Nadler’s result Nadler (1976) to 

the setting of cone metric space. Moreover, they gave a useful lemma which 

will be used to prove our results. 

 

Lemma 6. (Cho and Bae (2011)). Let (𝑋, 𝑑) be a cone metric space, and let P 

be a cone in Banach space E. 
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(1) Let 𝑝, 𝑞 ∈ 𝐸. If 𝑝 ≼ ⁡𝑞, then 𝑠(𝑞) ⊂ ⁡𝑠(𝑝). 
(2) Let 𝑥 ∈ ⁡𝑋 and⁡𝐴 ∈ 2𝑋. If 0 ∈ 𝑠(𝑥, 𝐴), then 𝑥⁡ ∈ ⁡𝐴. 

(3) Let 𝑞⁡ ∈ ⁡𝑃 and let 𝐴, 𝐵 ∈ ⁡𝐵(𝑋) and 𝑎⁡ ∈ ⁡𝐴. If 𝑞⁡ ∈ ⁡𝑠(𝐴, 𝐵), then 

𝑞⁡ ∈ ⁡𝑠(𝑎, 𝐵). 
 

In 2012, Cho et al. (2012) defined sequentially lower semicontinuous as 

follow 

 

Definition 7. Let (𝑋, 𝑑) be a cone metric space, and let 𝐴 ∈ 2𝑋. A function 

ℎ ∶ ⁡𝑋⁡ → 2𝑃 − {∅} defined by ℎ(𝑥) = 𝑠(𝑥, 𝐴)⁡is called sequentially lower 

semicontinuous if for any 𝑐 ∈ 𝑖𝑛𝑡𝑃 there exists 𝑛0 ∈ ℕ such that ℎ(𝑥𝑛) ⊂
⁡ℎ(𝑥) − 𝑐 for all 𝑛 ≥ 𝑛0, whenever lim𝑛→∞ 𝑥𝑛 = 𝑥 for any sequence 

{𝑥𝑛} ⁡⊂ ⁡𝑋 and 𝑥 ∈ 𝑋. 
 

2. NEW RESULTS 

Theorem 8.  Let (𝑋, 𝑑) be a complete cone metric space and 𝑇:𝑋 → ⁡𝐶𝐵(𝑋). 
Let 𝜂 be a nonincreasing function from [0,1) into (1/2,1] defined by 

𝜂(𝑟) = 1/(1 + 𝑟). Assume that there exists 𝑟 ∈ ⁡ [0,1). Assume for any 

𝑥 ∈ ⁡𝑋 there exist 𝑦 ∈ 𝑇𝑥 and 𝑢 ∈ ⁡𝐷(𝑥, 𝑇𝑥) such that𝜂(𝑟)𝑢 ≼ ⁡𝑑(𝑥, 𝑦) 
implies 𝑟𝑑(𝑥, 𝑦) ∈ ⁡𝑠(𝑇𝑥, 𝑇𝑦). Then 𝑇 has a fixed point in 𝑋. 

 

Proof.  

Let 𝑥0 ∈ ⁡𝑋 and 𝑥1 ∈ ⁡𝑇𝑥0then there exists 𝑢0 = 𝑑(𝑥0, 𝑥1) ∈ 𝐷(𝑥0, 𝑇𝑥0) such 

that 

 

𝜂(𝑟)𝑢0 ≼ ⁡𝑑(𝑥0, 𝑥1) 
then 

𝑟𝑑(𝑥0, 𝑥1) ∈ ⁡𝑠(𝑇𝑥0, 𝑇𝑥1) 
 

by lemma 6 we have 

𝑟𝑑(𝑥0, 𝑥1) ∈ ⁡𝑠(𝑥1, 𝑇𝑥1). 
 

By definition, we can take 𝑥2 ∈ ⁡𝑇𝑥1 such that 

 

𝑟𝑑(𝑥0, 𝑥1) ∈ ⁡𝑠(𝑑(𝑥1, 𝑥2)). 
 

So 

𝑑(𝑥1, 𝑥2) ≼ 𝑟𝑑(𝑥0, 𝑥1). 
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Now, we can take 𝑢1 = 𝑑(𝑥1, 𝑥2) ∈ 𝐷(𝑥1, 𝑇𝑥1) such that 

 

𝜂(𝑟)𝑢1 ≼ ⁡𝑑(𝑥1, 𝑥2) 
then 

𝑑(𝑥1, 𝑥2) ∈ ⁡𝑠(𝑇𝑥1, 𝑇𝑥2) 
 

this implies 

𝑟𝑑(𝑥1, 𝑥2) ∈ ⁡𝑠(𝑥2, 𝑇𝑥2) 
 

take 𝑥3 ∈ ⁡𝑇𝑥2, then we have 

 

𝑟𝑑(𝑥1, 𝑥2) ∈ ⁡𝑠(𝑑(𝑥2, 𝑥3)). 
 

Thus 

𝑑(𝑥2, 𝑥3) ≼ 𝑟𝑑(𝑥1, 𝑥2). 
 

By induction we get an iterative sequence {𝑥𝑛}𝑛≥0 in 𝑋 such that for 𝑥𝑛 ∈ 𝑋 

there exists 𝑢𝑛 = 𝑑(𝑥𝑛, 𝑥𝑛+1) ∈ 𝐷(𝑥𝑛, 𝑇𝑥𝑛) such that 

 

𝜂(𝑟)𝑢𝑛 ≼ ⁡𝑑(𝑥𝑛, 𝑥𝑛+1) 
implies 

 

𝑟𝑑(𝑥𝑛, 𝑥𝑛+1) ∈ ⁡𝑠(𝑇𝑥𝑛, 𝑇𝑥𝑛+1) 
by lemma 6 we have 

 

𝑟𝑑(𝑥𝑛, 𝑥𝑛+1) ∈ ⁡𝑠(𝑥𝑛+1, 𝑇𝑥𝑛+1) 
 

By definition, we can take 𝑥𝑛+2 ∈ ⁡𝑇𝑥𝑛+1, then we have 

 

𝑟𝑑(𝑥𝑛, 𝑥𝑛+1) ∈ ⁡𝑠(𝑑(𝑥𝑛+1, 𝑥𝑛+2)). 
Thus 

 

𝑑(𝑥𝑛+1, 𝑥𝑛+2) ≼ 𝑟𝑑(𝑥𝑛, 𝑥𝑛+1).                                 (1) 

 

If 𝑥𝑛+1 = 𝑥𝑛 for some 𝑛 ∈ ℕ, then 𝑇 has a fixed point. We assume that 

𝑥𝑛+1 ≠ 𝑥𝑛 for all 𝑛 ∈ ℕ ∪ {0}. Now, from (1) we get 
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𝑑(𝑥𝑛, 𝑥𝑛+1) ≼ 𝑟𝑑(𝑥𝑛−1, 𝑥𝑛) 

 ≼ 𝑟2𝑑(𝑥𝑛−2, 𝑥𝑛−1) 
 ⋮ 

 ≼ 𝑟𝑛𝑑(𝑥0, 𝑥1). 
 

Now, for 𝑛 > 𝑚 

 

 

𝑑(𝑥𝑚, 𝑥𝑛) 
 

≼ ∑ 𝑑(𝑥𝑖, 𝑥𝑖+1)

𝑛−1

𝑖=𝑚

 

 

≼ ∑ 𝑟𝑖𝑑(𝑥0, 𝑥1)

𝑛−1

𝑖=𝑚

 

 
≼

𝑟𝑚

1 − 𝑟
𝑑(𝑥0, 𝑥1) 

 

Since 𝑟𝑚 → 0 as 𝑚 → ∞, we obtain that 𝑟𝑚 (1 − 𝑟)𝑑(𝑥0, 𝑥1) → 0⁄ . Now, 

according to Remark 5 (6) and (1) we conclude that for 0 ≪ 𝑐 there is a 

natural number 𝑁0 such that 𝑑(𝑥𝑚, 𝑥𝑛) ≪ 𝑐, for all 𝑛,𝑚 ≥ 𝑁0. So {𝑥𝑛}𝑛≥0 is 

a Cauchy sequence in (𝑋, 𝑑).Thus, there exists 𝑥∗ ∈ 𝑋 such that 

lim𝑛→∞ 𝑥𝑛 = 𝑥∗. 
 

Now, we want to show that 𝑥∗ ∈ 𝑇𝑥∗. First, we will prove that 𝜂(𝑟)𝑢𝑛 ≼
⁡𝑑(𝑥𝑛+1, 𝑥

∗) for each 𝑛 ∈ ℕ. For 𝑐 ∈ 𝑖𝑛𝑡𝑃choose a natural number 𝑁1such 

that 𝑑(𝑥𝑛, 𝑥
∗) ≪ 𝑐 and 𝑟𝑑(𝑥𝑛+1, 𝑥

∗) ∈ 𝑃 for 𝑛 ≥ 𝑁1. Thus, 𝑐 +
𝑟𝑑(𝑥𝑛+1, 𝑥

∗) − 𝑑(𝑥𝑛, 𝑥
∗) ∈ 𝑃, i.e., 𝑑(𝑥𝑛, 𝑥

∗) ≼ 𝑐 + 𝑟𝑑(𝑥𝑛+1, 𝑥
∗). By 

Remark 5 (3), we obtain 𝑑(𝑥𝑛, 𝑥
∗) ≼ 𝑟𝑑(𝑥𝑛+1, 𝑥

∗) for 𝑛 ≥ 𝑁1. As 𝑥𝑛+1 ∈
⁡𝑇𝑥𝑛 we can take 𝑢𝑛 = 𝑑(𝑥𝑛, 𝑥𝑛+1) ∈ 𝐷(𝑥𝑛, 𝑇𝑥𝑛). We have 

 

𝑢𝑛 = 𝑑(𝑥𝑛, 𝑥𝑛+1) ≼ 𝑑(𝑥𝑛, 𝑥
∗) + 𝑑(𝑥∗, 𝑥𝑛+1) 

 ≼ 𝑟𝑑(𝑥𝑛+1, 𝑥
∗) + 𝑑(𝑥∗, 𝑥𝑛+1) 

 = (1 + 𝑟)𝑑(𝑥∗, 𝑥𝑛+1). 

 

Thus 

𝜂(𝑟)𝑢𝑛 ≼ ⁡𝑑(𝑥𝑛+1, 𝑥
∗). 

Then 

𝑟𝑑(𝑥𝑛+1, 𝑥
∗) ∈ ⁡𝑠(𝑇𝑥𝑛+1, 𝑇𝑥

∗) 
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by Lemma 6 we have 

𝑟𝑑(𝑥𝑛+1, 𝑥
∗) ∈ ⁡𝑠(𝑥𝑛+2, 𝑇𝑥

∗) 
 

where 𝑥𝑛+2 ∈ ⁡𝑇𝑥𝑛+1. Hence, by definition we can take 𝑧𝑛 ∈ 𝑇𝑥∗ such that 

 

𝑑(𝑥𝑛+2, 𝑧𝑛) ≼ ⁡𝑟𝑑(𝑥𝑛+1, 𝑥
∗). 

 

Now, for a given 𝑐 ∈ 𝑖𝑛𝑡𝑃we choose a natural number 𝑁2 = max⁡{𝑁0, 𝑁1} 
such that 𝑑(𝑥𝑛, 𝑥

∗) ≪ 𝑐 (𝑟 + 1⁄ ) for all 𝑛 ≥ 𝑁2. Hence, for 𝑛 ≥ 𝑁2we have 

 

𝑑(𝑥∗, 𝑧𝑛) ≼ 𝑑(𝑥∗, 𝑥𝑛+2)+𝑑(𝑥𝑛+2, 𝑧𝑛) 

 ≼ 𝑑(𝑥∗, 𝑥𝑛+2) + 𝑟𝑑(𝑥𝑛+1, 𝑥
∗) 

 ≪
𝑐

𝑟 + 1
+

𝑟𝑐

𝑟 + 1
= 𝑐. 

 

Thus, 𝑧𝑛 → 𝑥∗. Since 𝑇𝑥∗ is closed, 𝑥∗ ∈ 𝑇𝑥∗. 
 

Remark 9.  

Theorem 8 is a generalization of Theorem 2 of Kikkawa and Suzuk (2008) 

from metric space to cone metric space without using normality of 𝑃. 

Moreover, we use the notion 𝑠(𝑇𝑥, 𝑇𝑦) which analogue the concept 

𝐻(𝑇𝑥, 𝑇𝑦) in metric space. 

 

The following example illustrates Theorem 8. 

 

Example 10. 

Let 𝑋 = [0,1], 𝐸 = 𝐶[0,1] and 𝑃 = {𝑥⁡ ∈ 𝐸: 𝑥(𝑡) ≥ ⁡0, 𝑡 ∈ ⁡ [0,1]}. Let 

𝑑:𝑋⁡ × 𝑋 → ⁡𝐸 be of the form 

 

 

𝑑(𝑥, 𝑦) = 
 

 

 

 

 

(𝑥 + 𝑦)𝑒𝑡       if         𝑥 ≠ 𝑦 

 

 

0                      if         𝑥 = 𝑦 

 

and let 𝑇: 𝑋 → ⁡𝐶𝑙(𝑋) defined by 𝑇𝑥 = [0, 𝑥 2⁄ ]. If we take 𝑟 = 2 3⁄  then 

𝜂(𝑟) = 3 5⁄ . 
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For 𝑥 = 𝑦 it is trivial and for 𝑥 ≠ 𝑦 we can take 𝑦 = 𝑥 2⁄ ∈ 𝑇𝑥 and 𝑢 =
𝑑(𝑥, 𝑥 3⁄ ) ∈ 𝐷(𝑥, 𝑇𝑥) for any 𝑥 ∈ 𝑋. So 𝑢 = 4 3⁄ 𝑥𝑒𝑡 and then 𝜂(𝑟)𝑢 =
4 5⁄ 𝑥𝑒𝑡 ≤ 3 2⁄ 𝑥𝑒𝑡 = 𝑑(𝑥, 𝑦). Now, we can choose 𝑥 3⁄ ∈ 𝑇𝑥 and 𝑥 4⁄ ∈ 𝑇𝑦 

which satisfied 𝑑(𝑥 3⁄ , 𝑥 4⁄ ) = 7 12⁄ 𝑥𝑒𝑡 ≤ 𝑥𝑒𝑡 = 𝑟𝑑(𝑥, 𝑦).  
 

Thus, 𝑟𝑑(𝑥, 𝑦) ∈ 𝑠(𝑑(𝑥 3⁄ , 𝑥 4⁄ )) ⊂ 𝑠(𝑇𝑥, 𝑇𝑦). Hence 𝑇 has a fixed point. 

 

Theorem 11. Let (𝑋, 𝑑) be a complete cone metric space and 𝑇:𝑋 →
⁡𝐶𝐵(𝑋). Assume that there exist functions 𝜙,𝜓: 𝑃 → [0,1) and ℓ ∈ ℝ+ 

satisfy the following 

 

(i) 𝜙(𝑡) + 𝜓(𝑡) < 1 for each 𝑡 ∈ 𝑃 and limsup
𝑛→∞

𝜙(𝑟𝑛) + 𝜓(𝑟𝑛) < 1, for 

any decreasing sequence {𝑟𝑛} ∈ 𝑃. 

(ii) for any 𝑥, 𝑦 ∈ 𝑋, 𝜙(𝑑(𝑥, 𝑦))𝑑(𝑥, 𝑦) + 𝜓(𝑑(𝑥, 𝑦))𝑠(𝑥, 𝑇𝑥) +

ℓ𝑠(𝑦, 𝑇𝑥) ⊂ ⁡𝑘𝑠(𝑇𝑥, 𝑇𝑦) 
 

where 𝑘 ≥ 1. Then 𝑇 has a fixed point in 𝑋. 

 

Proof. 

Let 𝑥0 ∈ ⁡𝑋  and 𝑥1 ∈ ⁡𝑇𝑥0, then 

 

𝜙(𝑑(𝑥0, 𝑥1))𝑑(𝑥0, 𝑥1) + 𝜓(𝑑(𝑥0, 𝑥1))𝑠(𝑥0, 𝑇𝑥0) + ℓ𝑠(𝑥1, 𝑇𝑥0) ⊂
𝑘𝑠(𝑇𝑥0, 𝑇𝑥1). 

 

Thus 

𝜙(𝑑(𝑥0, 𝑥1))𝑑(𝑥0, 𝑥1) + 𝜓(𝑑(𝑥0, 𝑥1))𝑠(𝑑(𝑥0, 𝑥1)) 
 

+ℓ𝑠(𝑑(𝑥1, 𝑥1)) ⊂ 𝑘𝑠(𝑇𝑥0, 𝑇𝑥1). 
 

Then 

𝜙(𝑑(𝑥0, 𝑥1))𝑑(𝑥0, 𝑥1) + 𝜓(𝑑(𝑥0, 𝑥1))𝑑(𝑥0, 𝑥1) + ℓ𝑑(𝑥1, 𝑥1) 
 

∈ 𝑘𝑠(𝑇𝑥0, 𝑇𝑥1). 
By Lemma 6 we have 

 

𝜙(𝑑(𝑥0, 𝑥1))𝑑(𝑥0, 𝑥1) + 𝜓(𝑑(𝑥0, 𝑥1))𝑑(𝑥0, 𝑥1) ∈ 𝑘𝑠(𝑥1, 𝑇𝑥1). 
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Let us take 𝑥2 ∈ ⁡𝑇𝑥1 then we have 

 

𝜙(𝑑(𝑥0, 𝑥1))𝑑(𝑥0, 𝑥1) + 𝜓(𝑑(𝑥0, 𝑥1))𝑑(𝑥0, 𝑥1) ∈ 𝑘𝑠(𝑑(𝑥1, 𝑥2). 
 

Hence, 

𝑘𝑑(𝑥1, 𝑥2) ≼ (𝜙(𝑑(𝑥0, 𝑥1)) + 𝜓(𝑑(𝑥0, 𝑥1))) 𝑑(𝑥0, 𝑥1). 

 

Now, by using 𝑥1, 𝑥2 in condition (ii) we have 

 

𝜙(𝑑(𝑥1, 𝑥2))𝑑(𝑥1, 𝑥2) + 𝜓(𝑑(𝑥1, 𝑥2))𝑠(𝑥1, 𝑇𝑥1) + ℓ𝑠(𝑥2, 𝑇𝑥1)

⊂ 𝑘𝑠(𝑇𝑥1, 𝑇𝑥2). 
 

Since 𝑥2 ∈ ⁡𝑇𝑥1 we obtain 

 

𝜙(𝑑(𝑥1, 𝑥2))𝑑(𝑥1, 𝑥2) + 𝜓(𝑑(𝑥1, 𝑥2))𝑠(𝑑(𝑥1, 𝑥2)) + ℓ𝑠(𝑑(𝑥2, 𝑥2)) 
 

⊂ 𝑘𝑠(𝑇𝑥1, 𝑇𝑥2). 
Then 

𝜙(𝑑(𝑥1, 𝑥2))𝑑(𝑥1, 𝑥2) + 𝜓(𝑑(𝑥1, 𝑥2))𝑑(𝑥1, 𝑥2) + ℓ𝑑(𝑥2,𝑥2) 
 

∈ 𝑘𝑠(𝑇𝑥1, 𝑇𝑥2). 
By Lemma 6 we have 

 

𝜙(𝑑(𝑥1, 𝑥2))𝑑(𝑥1, 𝑥2) + 𝜓(𝑑(𝑥1, 𝑥2))𝑑(𝑥1, 𝑥2) ∈ 𝑘𝑠(𝑥2, 𝑇𝑥2) 
 

taking 𝑥3 ∈ ⁡𝑇𝑥2 we have 

 

𝜙(𝑑(𝑥1, 𝑥2))𝑑(𝑥1, 𝑥2) + 𝜓(𝑑(𝑥1, 𝑥2))𝑑(𝑥1, 𝑥2) ∈ 𝑘𝑠(𝑑(𝑥2, 𝑥3)). 
 

Therefore, 

𝑘𝑑(𝑥2, 𝑥3) ≼ (𝜙(𝑑(𝑥1, 𝑥2)) + 𝜓(𝑑(𝑥1, 𝑥2))) 𝑑(𝑥1, 𝑥2). 

 

By induction, we can construct a sequence {𝑥𝑛}𝑛≥0in 𝑋 such that 

 

𝑘𝑑(𝑥𝑛, 𝑥𝑛+1) ≼ (𝜙(𝑑(𝑥𝑛−1, 𝑥𝑛)) + 𝜓(𝑑(𝑥𝑛−1, 𝑥𝑛))) 𝑑(𝑥𝑛−1, 𝑥𝑛) 

 

where 𝑥𝑛+1 ∈ 𝑇𝑥𝑛. Thus, 
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𝑑(𝑥𝑛 , 𝑥𝑛+1) ≼
𝜙(𝑑(𝑥𝑛−1, 𝑥𝑛)) + 𝜓(𝑑(𝑥𝑛−1, 𝑥𝑛))

𝑘
𝑑(𝑥𝑛−1, 𝑥𝑛) 

                                                  

≼ 𝑑(𝑥𝑛−1, 𝑥𝑛)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡                                      (2) 

 

We suppose that 𝑥𝑛+1 ≠ 𝑥𝑛 for each 𝑛 ≥ 0 because if 𝑥𝑛+1 = 𝑥𝑛 for some⁡𝑛, 

then 𝑇 has a fixed point. 

 

From (2) {𝑑(𝑥𝑛, 𝑥𝑛+1)}𝑛≥0 is a decreasing sequence in⁡𝑃. By (i) there exists 

𝑏 ∈ ⁡ (0,1) and 𝑛0 ∈ ℕ such that for 𝑛 ≥ 𝑛0, 

 

𝜙(𝑑(𝑥𝑛−1, 𝑥𝑛)) + 𝜓(𝑑(𝑥𝑛−1, 𝑥𝑛)) < 𝑏. 

 

Now, 
 

𝑑(𝑥𝑛, 𝑥𝑛+1) ≼
1

𝑘
(𝜙(𝑑(𝑥𝑛−1, 𝑥𝑛)) + 𝜓(𝑑(𝑥𝑛−1, 𝑥𝑛)))𝑑(𝑥𝑛−1, 𝑥𝑛) 

 

≼
1

𝑘2
(𝜙(𝑑(𝑥𝑛−1, 𝑥𝑛)) + 𝜓(𝑑(𝑥𝑛−1, 𝑥𝑛))) 

 

(𝜙(𝑑(𝑥𝑛−2, 𝑥𝑛−1)) + 𝜓(𝑑(𝑥𝑛−2, 𝑥𝑛−1))) 𝑑(𝑥𝑛−2, 𝑥𝑛−1) 

 

≼
1

𝑘𝑛−𝑛0
∏(𝜙(𝑑(𝑥𝑖, 𝑥𝑖+1)) + 𝜓(𝑑(𝑥𝑖 , 𝑥𝑖+1)))

𝑛−1

𝑖=𝑛0

𝑑(𝑥𝑛0 , 𝑥𝑛0+1) 

 

≼ (
𝑏

𝑘
)
𝑛−𝑛0

𝑑(𝑥𝑛0 , 𝑥𝑛0+1). 

 

For 𝑛 > 𝑚 ≥ 𝑛0 
 

 

𝑑(𝑥𝑚, 𝑥𝑛) 
 

≼ ∑ 𝑑(𝑥𝑖, 𝑥𝑖+1)

𝑛−1

𝑖=𝑚

 

 

≼ ∑
𝑏

𝑘𝑖−𝑛0
𝑑(𝑥𝑛0 , 𝑥𝑛0+1)

𝑛−1

𝑖=𝑚

 

 
≼

𝑏𝑚−𝑛0

𝑘𝑚−𝑛0−1(𝑘 − 𝑏)
𝑑(𝑥𝑛0 , 𝑥𝑛0+1). 
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Since 𝑏𝑚−𝑛0 𝑘𝑚−𝑛0−1⁄ → 0 as 𝑚 → ∞, we obtain that 

(𝑏𝑚−𝑛0 (𝑘𝑚−𝑛0−1)(𝑘 − 𝑏))𝑑(𝑥𝑛0 , 𝑥𝑛0+1)⁄ → 0. Now, according to Remark 

5 (6) and (1) we conclude that for 0 ≪ 𝑐 there is a natural number 𝑁1 such 

that 𝑑(𝑥𝑚, 𝑥𝑛) ≪ 𝑐, for all 𝑛,𝑚 ≥ 𝑁1. So {𝑥𝑛}𝑛≥0is a Cauchy sequence in 

(𝑋, 𝑑). Thus, there exists 𝑥∗ ∈ 𝑋 such that lim𝑛→∞ 𝑥𝑛 = 𝑥∗. 
 

Now, we want to show that 𝑥∗ ∈ 𝑇𝑥∗. We will create a sequence {𝑧𝑛}𝑛≥0 in 

𝑇𝑥∗ such that, 𝑧𝑛 → 𝑥∗. From (ii) if we take 𝑥 = 𝑥𝑛, 𝑦 = 𝑥∗we get 

 

𝜙(𝑑(𝑥𝑛, 𝑥
∗))𝑑(𝑥𝑛, 𝑥

∗) + 𝜓(𝑑(𝑥𝑛, 𝑥
∗))𝑠(𝑥𝑛, 𝑇𝑥𝑛) + ℓ𝑠(𝑥∗, 𝑇𝑥𝑛) 

 

⊂ 𝑘𝑠(𝑇𝑥𝑛, 𝑇𝑥
∗). 

Then 

 

𝜙(𝑑(𝑥𝑛, 𝑥
∗))𝑑(𝑥𝑛, 𝑥

∗) + 𝜓(𝑑(𝑥𝑛, 𝑥
∗))𝑠(𝑑(𝑥𝑛, 𝑥𝑛+1)) + ℓ𝑠(𝑑(𝑥∗, 𝑥𝑛+1)) 
 

⊂ 𝑘𝑠(𝑇𝑥𝑛, 𝑇𝑥
∗). 

 So 

𝜙(𝑑(𝑥𝑛 , 𝑥
∗))𝑑(𝑥𝑛, 𝑥

∗) + 𝜓(𝑑(𝑥𝑛, 𝑥
∗))𝑑(𝑥𝑛, 𝑥𝑛+1) + ℓ𝑑(𝑥∗, 𝑥𝑛+1) 

 

∈ 𝑘𝑠(𝑇𝑥𝑛, 𝑇𝑥
∗). 

By Lemma 6 we get that 

 

𝜙(𝑑(𝑥𝑛 , 𝑥
∗))𝑑(𝑥𝑛, 𝑥

∗) + 𝜓(𝑑(𝑥𝑛, 𝑥
∗))𝑑(𝑥𝑛, 𝑥𝑛+1) + ℓ𝑑(𝑥∗, 𝑥𝑛+1) 

 

∈ 𝑘𝑠(𝑥𝑛+1, 𝑇𝑥
∗). 

 

Now, we can take 𝑧𝑛 ∈ 𝑇𝑥∗ such that 

 

𝜙(𝑑(𝑥𝑛 , 𝑥
∗))𝑑(𝑥𝑛, 𝑥

∗) + 𝜓(𝑑(𝑥𝑛, 𝑥
∗))𝑑(𝑥𝑛, 𝑥𝑛+1) + ℓ𝑑(𝑥∗, 𝑥𝑛+1) 

 

∈ 𝑘𝑠(𝑑(𝑥𝑛+1, 𝑧𝑛)). 
Hence, 

 

𝑘𝑑(𝑥𝑛+1, 𝑧𝑛) ≼ ⁡𝜙(𝑑(𝑥𝑛, 𝑥
∗))𝑑(𝑥𝑛, 𝑥

∗) + 𝜓(𝑑(𝑥𝑛 , 𝑥
∗))𝑑(𝑥𝑛, 𝑥𝑛+1) 

 

+ℓ𝑑(𝑥∗, 𝑥𝑛+1). 
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Then 

𝑑(𝑥𝑛+1, 𝑧𝑛) ≼ ⁡
𝜙(𝑑(𝑥𝑛, 𝑥

∗))

𝑘
𝑑(𝑥𝑛, 𝑥

∗) +⁡
𝜓(𝑑(𝑥𝑛 , 𝑥

∗))

𝑘
𝑑(𝑥𝑛, 𝑥𝑛+1) 

 

Now, 

 

𝑑(𝑥∗, 𝑧𝑛) ⁡≼ 𝑑(𝑥∗, 𝑥𝑛+1) + 𝑑(𝑥𝑛+1, 𝑧𝑛) 
 

≼ 𝑑(𝑥∗, 𝑥𝑛+1) +
𝜙(𝑑(𝑥𝑛, 𝑥

∗))

𝑘
𝑑(𝑥𝑛, 𝑥

∗) 

 

+⁡
𝜓(𝑑(𝑥𝑛, 𝑥

∗))

𝑘
𝑑(𝑥𝑛 , 𝑥𝑛+1) +

ℓ

𝑘
𝑑(𝑥∗, 𝑥𝑛+1) 

 

≼ 𝑑(𝑥∗, 𝑥𝑛+1) +
1

𝑘
𝑑(𝑥𝑛, 𝑥

∗) +⁡
1

𝑘
𝑑(𝑥𝑛, 𝑥𝑛+1) +

ℓ

𝑘
𝑑(𝑥∗, 𝑥𝑛+1) 

 

≼
1

𝑘
(𝑘𝑑(𝑥∗, 𝑥𝑛+1) + 2𝑑(𝑥𝑛, 𝑥

∗) +⁡𝑑(𝑥∗, 𝑥𝑛+1) + ℓ𝑑(𝑥∗, 𝑥𝑛+1)). 

 

Furthermore, for a given 𝑐 ∈ 𝑖𝑛𝑡⁡𝑃 we choose a natural number 𝑁2such that 

𝑑(𝑥𝑛, 𝑥
∗) ≪ 𝑘𝑐 (3 + 𝑘 + ℓ)⁄  for all 𝑛 ≥ 𝑁2. Hence, for 𝑛 ≥ 𝑁2 we have 

 

𝑑(𝑥∗, 𝑧𝑛) ≪
1

𝑘
(

𝑘2𝑐

3 + 𝑘 + ℓ
+

3𝑘𝑐

3 + 𝑘 + ℓ
+⁡

ℓ𝑘𝑐

3 + 𝑘 + ℓ
) = 𝑐.⁡ 

 

Thus, we get that 𝑧𝑛 → 𝑥∗. As 𝑇𝑥∗ is closed, then 𝑥∗ ∈ 𝑇𝑥∗. 
 

If 𝑘 = 1, ℓ = 0 and a function 𝜓(𝑡) = 0⁡for any 𝑡 ∈ 𝑃, we have the following 

corollary which is a generalization of Mizoguchi-Takahashi's (1989) fixed 

point theorem. 

 

Corollary 12. (Cho-Bae (2011)). Let (𝑋, 𝑑) be a complete cone metric space 

and 𝑇:𝑋 → ⁡𝐶𝐵(𝑋). Assume that there exists a function 𝜙: 𝑃 → [0,1) satisfy 

the following 

 

(i) limsup
𝑛→∞

𝜙(𝑟𝑛) < 1, for any decreasing sequence⁡{𝑟𝑛} ∈ 𝑃. 

(ii) for any 𝑥, 𝑦 ∈ 𝑋, 𝜙(𝑑(𝑥, 𝑦))⁡𝑑(𝑥, 𝑦) ∈ 𝑠(𝑇𝑥, 𝑇𝑦) 
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Then 𝑇 has a fixed point in 𝑋. 

 

If  𝑘 = 1, 𝜓(𝑡) = 0⁡for any 𝑡 ∈ 𝑃, we have the following corollary which is a 

generalization of Theorem 4 of  Berinde-Berinde (2007). 

 

Corollary 13.  Let (𝑋, 𝑑) be a complete cone metric space and 𝑇:𝑋 →
⁡𝐶𝐵(𝑋). Assume that there exist a function 𝜙: 𝑃 → [0,1) and ℓ ∈ ℝ+ satisfy 

the following 

 

(i) limsup
𝑛→∞

𝜙(𝑟𝑛) < 1, for any decreasing sequence⁡{𝑟𝑛} ∈ 𝑃. 

(ii) for any 𝑥, 𝑦 ∈ 𝑋, 𝜙(𝑑(𝑥, 𝑦))𝑑(𝑥, 𝑦) + ℓ𝑠(𝑦, 𝑇𝑥) ⁡⊂ 𝑠(𝑇𝑥, 𝑇𝑦) 
 

Then 𝑇 has a fixed point in⁡𝑋. 

 

If⁡⁡𝑘 = 1, 𝜙(𝑡) is a constant and 𝜓(𝑡) = 0⁡for any 𝑡 ∈ 𝑃  we have the 

following corollary which is a generalization of Theorem 3 of Berinde-

Berinde (2007). 

 

Corollary 14. Let (𝑋, 𝑑) be a complete cone metric space, 𝑇:𝑋 → ⁡𝐶𝐵(𝑋), 
𝛼 ∈ (0,1) and ℓ ∈ ℝ+. Assume that for any 𝑥, 𝑦 ∈ 𝑋, 𝛼𝑑(𝑥, 𝑦) + ℓ𝑠(𝑦, 𝑇𝑥) 
⊂ 𝑠(𝑇𝑥, 𝑇𝑦) 
 

Then 𝑇 has a fixed point in⁡⁡𝑋. 

 

Theorem 15. Let (𝑋, 𝑑) be a complete cone metric space and 𝑇:𝑋 → ⁡𝐶𝑙(𝑋). 
Let 𝜃: 𝑃 → ⁡𝐸 is a function with the following properties: 

 

(1) 𝜃 ≽ 0 

(2) 𝜃(𝑡1 + 𝑡2) ≼ 𝜃(𝑡1) + 𝜃(𝑡2) 
(3) 𝜃⁡is nondecreasing 

(4) 𝑡 ≼ 𝜃(𝑡). 
 

Assume that there exists a function 𝜙: 𝑃 → [0, 𝑘), 𝑘 < 1 such that 

 

(i) limsup
𝑛→∞

𝜙(𝑟𝑛) < 1, for any decreasing sequence⁡{𝑟𝑛} ∈ 𝑃. 

(ii) for every 𝑥 ∈ 𝑋 there exists 𝑦 ∈ 𝑇𝑥 such that 𝜙(𝑑(𝑥, 𝑦)) 

𝜃(𝑑(𝑥, 𝑦)) ∈ 𝑠 (𝜗(𝐷(𝑦, 𝑇𝑦))) 
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and 

𝑠 (𝜗(𝐷(𝑥, 𝑇𝑥))) ⊂ 𝑠 (𝑘𝜃(𝑑(𝑥, 𝑦))) 

 

where ⁡𝜗: 2𝑃 − {∅} → 2𝑃 − {∅} defined by 𝜗(𝐷(𝑥, 𝑇𝑥)) =

⋃ 𝜃(𝑑(𝑥, 𝑎))𝑎∈𝑇𝑥 . 

 

(iii) a function ℎ is sequentially lower semicontinuous. 

 

Then 𝑇 has a fixed point in⁡⁡𝑋. 

 

Proof. 

Let 𝑥0 ∈ ⁡𝑋 be arbitrary and fixed. There exists 𝑥1 ∈ ⁡𝑇𝑥0such that 

 

𝜙(𝑑(𝑥0, 𝑥1))𝜃(𝑑(𝑥0, 𝑥1)) ∈ 𝑠 (𝜗(𝐷(𝑥1, 𝑇𝑥1)))                       (3) 

 

and 

𝑠 (𝜗(𝐷(𝑥0, 𝑇𝑥0))) ⊂ 𝑠 (𝑘𝜃(𝑑(𝑥0, 𝑥1))) 

 

Now, by using 𝑥1⁡in condition (ii) there exists 𝑥2 ∈ ⁡𝑇𝑥1 such that 

 

𝜙(𝑑(𝑥1, 𝑥2))𝜃(𝑑(𝑥1, 𝑥2)) ∈ 𝑠 (𝜗(𝐷(𝑥2, 𝑇𝑥2))) 

 

and 

                             𝑠 (𝜗(𝐷(𝑥1, 𝑇𝑥1))) ⊂ 𝑠 (𝑘𝜃(𝑑(𝑥1, 𝑥2)))                        (4) 

 

From (3) and (4) we obtain 

 

𝜙(𝑑(𝑥0, 𝑥1))𝜃(𝑑(𝑥0, 𝑥1)) ∈ 𝑠 (𝑘𝜃(𝑑(𝑥1, 𝑥2))). 

Thus 

𝑘𝜃(𝑑(𝑥1, 𝑥2)) ≼ 𝜙(𝑑(𝑥0, 𝑥1))𝜃(𝑑(𝑥0, 𝑥1)). 
 

By continuing this process, we get a sequence {𝑥𝑛}𝑛≥0 such that 

 

𝑘𝜃(𝑑(𝑥𝑛, 𝑥𝑛+1)) ≼ 𝜙(𝑑(𝑥𝑛−1, 𝑥𝑛))𝜃(𝑑(𝑥𝑛−1, 𝑥𝑛)). 
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Thus 

⁡⁡⁡𝜃(𝑑(𝑥𝑛, 𝑥𝑛+1)) ≼
𝜙(𝑑(𝑥𝑛−1, 𝑥𝑛))

𝑘
𝜃(𝑑(𝑥𝑛−1, 𝑥𝑛))⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

 

≼ 𝜃(𝑑(𝑥𝑛−1, 𝑥𝑛))⁡⁡⁡                                            (5) 
 

Therefore, {𝜃(𝑑(𝑥𝑛, 𝑥𝑛+1))}𝑛≥0is a decreasing sequence in 𝐸. As 𝜃 is non 

decreasing, {𝑑(𝑥𝑛, 𝑥𝑛+1)}𝑛≥0 is a decreasing sequence in 𝑃. By (i) there 

exists 𝑏 ∈ ⁡ (0,1) and 𝑛0 ∈ ℕ such that for 𝑛 ≥ 𝑛0, 

 

𝜙(𝑑(𝑥𝑛−1, 𝑥𝑛)) < 𝑏. 
 

Now, from (5) we have 

 

𝜃(𝑑(𝑥𝑛, 𝑥𝑛+1)) ≼
1

𝑘
(𝜙(𝑑(𝑥𝑛−1, 𝑥𝑛))𝜃(𝑑(𝑥𝑛−1, 𝑥𝑛)) 

 
≼

1

𝑘2
𝜙(𝑑(𝑥𝑛−1, 𝑥𝑛))𝜙(𝑑(𝑥𝑛−2, 𝑥𝑛−1))𝜃(𝑑(𝑥𝑛−2, 𝑥𝑛−1)) 

 

≼
1

𝑘𝑛−𝑛0
∏𝜙(𝑑(𝑥𝑖, 𝑥𝑖+1))

𝑛−1

𝑖=𝑛0

𝜃 (𝑑(𝑥𝑛0 , 𝑥𝑛0+1)) 

 
≼ (

𝑏

𝑘
)
𝑛−𝑛0

𝜃 (𝑑(𝑥𝑛0 , 𝑥𝑛0+1)). 

 

For 𝑛 > 𝑚 ≥ 𝑛0 and by using (2) we obtain 

 
 

𝜃(𝑑(𝑥𝑚, 𝑥𝑛)) 
 

≼ 𝜃(∑ 𝑑(𝑥𝑖, 𝑥𝑖+1)

𝑛−1

𝑖=𝑚

) 

 

≼ ∑ 𝜃(𝑑(𝑥𝑖, 𝑥𝑖+1))

𝑛−1

𝑖=𝑚

 

 

≼ ∑ (
𝑏

𝑘
)
𝑖−𝑛0

𝜃 (𝑑(𝑥𝑛0 , 𝑥𝑛0+1))

𝑛−1

𝑖=𝑚

 

 
≼

𝑏𝑚−𝑛0

𝑘𝑚−𝑛0−1(𝑘 − 𝑏)
𝜃 (𝑑(𝑥𝑛0 , 𝑥𝑛0+1))⁡. 
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Thus, for any 𝑐 ∈ 𝑖𝑛𝑡⁡𝑃 there is a natural number 𝑁1 such that 

𝜃(𝑑(𝑥𝑚, 𝑥𝑛)) ≪ 𝑐, for all 𝑛,𝑚 ≥ 𝑁1. We claim {𝑥𝑛}𝑛≥0is a Cauchy 

sequence, i.e., 𝑑(𝑥𝑚, 𝑥𝑛) ≪ 𝑐. Suppose not, then there exist subsequences 

{𝑥𝑛𝑖} and {𝑥𝑚𝑖
} such that 𝑐 ≺ 𝑑(𝑥𝑚𝑖

, 𝑥𝑛𝑖), ∀𝑖. Since 𝜃 is nondecreasing, then 

𝜃(𝑐) ≺ 𝜃 (𝑑(𝑥𝑚𝑖
, 𝑥𝑛𝑖)). That is 𝜃(𝑐) ≺ 𝜃 (𝑑(𝑥𝑚𝑖

, 𝑥𝑛𝑖)) ≪ 𝑐, but from (4) 

we have 𝑐 ≼ 𝜃(𝑐). It is a contradiction. Hence, {𝑥𝑛}𝑛≥0is a Cauchy sequence. 

As (𝑋, 𝑑) is complete, there exists 𝑥∗ ∈ 𝑋 such that lim𝑛→∞ 𝑥𝑛 = 𝑥∗. 
 

Now, we want to show that 𝑥∗ ∈ 𝑇𝑥∗. The function ℎ is sequentially lower 

semicontinuous, so for any 𝑐 ∈ 𝑖𝑛𝑡⁡𝑃, there exists 𝑁2 ∈ ℕ such that 

𝑠(𝑥𝑛, 𝑇𝑥𝑛) ⊂ 𝑠(𝑥∗, 𝑇𝑥∗) − 𝑐 2⁄  and 𝑑(𝑥𝑛, 𝑥𝑛+1) ≪ 𝑐 2⁄  for each 𝑛 ≥ 𝑁2. 
Since 𝑠(𝑥𝑛, 𝑇𝑥𝑛) ⊂ 𝑠(𝑥∗, 𝑇𝑥∗) − 𝑐 2⁄ , we obtain 

 

𝑠(𝑑(𝑥𝑛, 𝑥𝑛+1)) ⊂ 𝑠(𝑥∗, 𝑇𝑥∗) −
𝑐

2
⁡. 

 

Then 

𝑑(𝑥𝑛, 𝑥𝑛+1) ∈ 𝑠(𝑥∗, 𝑇𝑥∗) −
𝑐

2
⁡. 

 

Thus, we can take 𝑧𝑛 ∈ 𝑇𝑥∗ such that 

 

𝑑(𝑥𝑛, 𝑥𝑛+1) ∈ 𝑠(𝑑(𝑥∗, 𝑧𝑛)) −
𝑐

2
⁡.⁡ 

Thus 

𝑑(𝑥∗, 𝑧𝑛) −
𝑐

2
≼ 𝑑(𝑥𝑛, 𝑥𝑛+1). 

 

By Remark 5 (1) we obtain that 𝑑(𝑥∗, 𝑧𝑛) −
𝑐

2
≪

𝑐

2
 which implies 

𝑑(𝑥∗, 𝑧𝑛) ≪ 𝑐⁡. Then 𝑧𝑛 → 𝑥∗. As 𝑇𝑥∗ is closed, then 𝑥∗ ∈ 𝑇𝑥∗, hence 𝑥 is a 

fixed point of 𝑇. 

 

Remark 16. 

Theorem 15 is an extension of Theorem 2 of Pathak-Shahzad (2009) and 

Theorem 4 of Kamran-Kiran (2011) to cone metric space. Moreover, it is 

a generalization of Theorem 2 of Cho et al. (2012). 

 

In Theorem 15 if we take the function 𝜃 = 𝐼 identity function and the 

function 𝜙 = 𝑐 constant, then we get the following result. 
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Corollary 17. (Cho et al.(2012)). Let (𝑋, 𝑑) be a complete cone metric space 

and 𝑇:𝑋 → ⁡𝐶𝑙(𝑋) be a multivalued map. If there exist constants𝑐, 𝑘 ∈ (0,1] 
such that for any𝑥 ∈ 𝑋 there exists 𝑦 ∈ 𝑇𝑥 such that 

 

𝑐𝑑(𝑥, 𝑦) ∈ 𝑠(𝑦, 𝑇𝑦) 
and 

𝑠(𝑥, 𝑇𝑥) ⊂ 𝑠(𝑘𝑑(𝑥, 𝑦)) 
 

then 𝑇 has a fixed point in⁡⁡𝑋 provided 𝑐 < 𝑘 and ℎ is sequentially lower 

semicontinuous.  
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